Standing Waves on a Hanging Rope

Robert E. Gibbs, Depariment of Physics, Eastern Washington University, Cheney, WA 89004-2431; rgibbs @ ewu.edu

he problem of standing

Waves on g umlorm rope or

chain of negligible sullness
hanging vertically in the gravitational
lield has been considered by a num-
ber of authors!™ When the rape or
chain 15 driven to oscillate in a plane,
the solution leads 1o Bessel lunclions
of the first order, " which allows the
determination of the standing-wave
requencies and nodal positions.
While pood agreement with experi-
ment has besn oblained, the treatment
15 bevond the scope ol introduciony
courses in physics.

The equations [or a rope or chain
whirling about a vertical axis have
solutions sirmlar o those for the same
rope or chain swinging in a verlical
plane, provided the amplitudes of
oscillation are small, and 1t 15 muoch
easier 10 sel up the whirling motions
eaperimentally. Figure | shows a
hanging chain in its first three stand-
ing wave misdes, peperated by the

method.  These  pholos
appeared first in a text by French,®
and later m a text by Halliday and
Resnick.” Western® presents photos
of modes 2, 3. and 4. The nodes are
nol placed as they would be for uni-

whirling

form velocity of the wave. Most dra-
matically, in the higher modes the
displacement nodes get farther apart
a5 you 2o up the chain,

This paper will present a second
approach 1o the problem of a uniform
rope oscillating in a wvertical plane
using  methods  [rom [irsi-vear
physics courses. While nol as numer-
ically  accurate  as  the former
approach, it displays the physical
comcepds in a particularly clear way.

First we review Lhe work of
Satterly! contained in Egs. (1) 1o (4)
below. The speed (v) of a wave pulse
in a rope of lension T and mass per
unit length g 1s given by the standard
equation:
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The tension in a stationary, hanging
rope a distance x up from the hotlom
1%
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where L is the wdal length of the rope,

715 Just the weight of the rope below
m
x, and — = p.
I L
Eliminating the ension belween
Eqg. (1) and Eg. (2) and solving for the

velocily., we el
T (3)

A standard equation in accelerated
modion is v = % Zax, where x is the
distance traveled while the velocity
changed from O o v. Comparing this
wilh Eg. (3), we see thal 2a = g or
a o= ': S0 the wave accelerales
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courses in physics.

The equations [or a rope or chain
whirling aboul a vertical axis have
solutions similar o those Tor the same
rope or chain swinging in a verlical
plane, provided the amphiodes of
oscillation are small, and it 15 muoch
easier 10 sel up the whirling motions
experimentally. Tigure | shows a
hanging chain in its first three stand-
ing wave miosdes, penerated by the

physics courses. While not as numer-
ically  accurate as  the Tormer
approach, 1t displays the physical
concepls in a particularly clear way.

First we review Lhe work of
S-alltrl:.-l contained m Tigs. (1) 1o (4)
below. The speed (v) of a wave pulse
in a rope of ension 7 and mass per
unil length g 15 given by the standard
equation:
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Fig. 1. Chain in its first three standing-wave modes.
Phodos by Jon Rosenteld, Education Research Cemter, MIT.

Eliminating the tension belween
Eq. (1) and Eg. (2) and solving for the
velocily, we get

V= 1""':;"-" (3

A standard equation in accelerated
motion is v = % 2ax, where x is the
distance traveled while the velocity
changed from 0w v. Comparing this
with Eg. (3), we see that 2a = g or
a = f S50 the wave accelerales
upward (the direction of increasing x)
with acceleration i The wave speeds
up as 1l ascends the rope, and slows
down as 11 descends.

It 15 now clear why the nodes in
Fig. | are not evenly spaced. The lar-
ther up the rope the wave pulse poes,
the greater the lension and the greater
the wave velocity. Wave pulses mov-
ing up the rope will stretch out, since
the leading edge of the pulse will be
mowving faster than the trailing edge.

The tme for the wave pulse o go
[roum the botloam o Lthe wop of the rope
15 goflen [rom the standard eguation
lor accelerated motion:

1 ¥ Lfgd g I 7
L= _ai~=,| 45 I = T4
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Table |. Model predictions for frequencies of first five standing-

from the hotan by n, the mth

| L

I = 21&,' . (4] wave modes. Each number in table should be mukiplied hgr‘{f to node in the mth standing wave
Satterly ! presents experimenta]  9ive frequency in hertz. mode appears al
data i agreement with Eg. (4. . 1 (2 — 1)°
Freeman’ does nol mention the S Gihha L, m L from the bottom
constant value of the accelera- 1 0125 0.191
ton. He derives Eg. {4) from 2 0.375 0.439 of the mr.u: in =1,2, 3% 4, ..
Eg. (3) by separating vanables 3 0.625 0.689 and m=1,2 3.4, . n : n.)
and inkegmting. A problem a 0875 0.539 The Fmd..ll ]'.I'I:Jhll]lllllh prl:_.‘ljll:'ltd
based on the Freeman paper 5 1.125 1.180 by this model apgree gualitative-

has appeared in recent ediions

ly with the photographs of Tag.

of the texts by Halliday and
Resnick, in which the student 15 asked
o derive Tigs. (3) and (4).

We are now n position o calcu-
late the standing-wave [requencies
and the nodal positions for any mode
of the rope. The wswal relation
between velocity, wavelength ( Ay and
[requency () is

vo= Af i3]

For the hanging  rope.
depends on posiion on the rope, so
wavelength 15 not a defined guantity.
However, in any standing wave
mode, the Mrequency will be the same
lor all positions along the rope. I this
were nol so, dilferent posions on the
rope would have different [requen-
cies, and the standing wave would

velocily

nol be maintained.

To pget the first standing-wave
made, sel the ime in Eg. (4) equal 1o
1, where T, is the period ol the first
slanding-wave mode. This 15 eguiva-

period o the distance between a node
and an antinode, and hall a period 1o
the distance belween adjacent nodes.)
Mow

3 g i
= (= =3 (7
J2 BV L /i )

Since the node 15 ; ' of the ".m;,' IJ|I'J
the rope in me., il must be | =y
of the way up in distance, since x 1%
proportional 1o * under constant
acceleration comdilions.

For the third mode, sel the time in
Eqg. (4} egual 1w : T, corresponding
to one quarter pertod Mrom the bottom
o the Mirst node, and a hall period
between each par of nodes. Ths

rives

I3 =

=~ [

3 .
= 3 (8}
RN h

The lower node is | of the WAy Up

in Lme or ___]q of the way up in dis-
o = ..

. However, the distance of the
lirst mode from the botlom 15 nolice-
ably greater than predicted. TFor
example, the first node in the second
mide 15 closer o one-lilth of the way
up [rom the bottom than one-minth.
Table T compares the standing-
wave [requencies for the Qiest Nve
mardes predicted by this model with
those predicted by Satterly.!  The
numbers given in Table T should be
multiplied by

Quencies in Ill:ll..i.'. Two things are im-
mediately evidenl. TFirst, the [requen-
cies predicted in this model are small-
er than those given by Satterly.
Second, the Satterly model does not

.—u [t the fre-
f_ ] 1'I-L‘ = Ane

lead 1o a harmonic series.
Calculus provides an allernative
way o derive the accelerabion fromm
Lg. (3). Fromm the chain rule we can

wrile:
dv dy du -:11

dr dy df d.t

b



o= Af (3

For the hanging rope, velocily
depends on position on the rope, so
wavelength 15 nol a delined quantity.
However, in any standing wave
maode, the Mrequency will be the same
[or all positions along the rope. I this
were nol so, dilferent positions on the
rope would have different [requen-
cies, and the standing wave would
nol be mamiaimed.

To get the first standing-wave
made, sel the time i Eg. (4) equal W
1, where T, 15 the period of the first
slanding-wave made. This 15 eguiva-
lent o saying thal a wave started at
the top must go o the botlom and
back to the top in hall a period, arriv-
ing oul of phase with the next wave 1o
be senerated by the drver, thus pro-
ducing a node al the op by destruct-

ive interference. Then "1 =2 /&

4 L
and T, = H “ , Thus. the [requency of
the [irsi mc}dl: i%

I | Iz
- ——m— if)
h T, ®VL

To get the [requency of the nexl
higher mode, set the tme in Eg. (4)
Equfﬂ Iy 1'T"-.. This corresponds 1o

T—. for lh:: ||:||'"l|| below the hirst
node and -.T: [or the distance [rom
the first node o the wp of the rope.
{In peneral we assign ong guarler

the rope in time, 11 must be (. ,'I- = 9
of the way up in distance, um:e T is
proportional o t= under constant
acceleration condilions.

Tor the third mode, sel the ime in
Ly. (4} equal : T3, corresponding
Loy one quarter E:I::nul]-fmrn the bollom
tor the first node, and a hall period
between each par of nodes. This
mives
. _ 5 (g _ <
;= g VL - 3, (5}

The lower node is © of the Wiy up

in time or | of the 1.~...1;. up m dis-
_.'

Lance. The upper node 15 2 L:ufl]:n: way

up in lme or i of the wfij-' up in dis-
lance. -

For each higher mode, we
decrease the period by adding one
hall’ period 1o the (constant) travel
tme [or each addibomal node. T s
clear from Egs. (6], (7). and {8) that
ine this approsimation, the standing
wave [requencies form a series of odd
harmonics. This 15 what we might
expect [or a medium free al one end
and Nxed al the other.

For the m® mode, 7 =

m
d} o ) ]

S [ = i(2m — I)fy. and the
8 VL ;
nodes  appear  al o ——

L FF&?ﬁL (2Zm-1)=
(2m -1 " (2m—1)* " ete., from the

bottom. I we number the nodes up

Rre T wd

numbers given 111 Table T should h&
multiplied by k_-'% o give the fre-

LA nLn e &

guencies in herte. Two things are 1m-
mediately evident. Tirst, the [requen-
cies predicted in this model are small-
er than those given by Satterly.
Second, the Satterly model does not
lead o a harmome series.

Caleulus provides an alternative
way W derive the accelerabion froam
Eg. (3). Fromm the chain rule we can
wrile:

di dy dx dw 2

= = —— = —y =
dr dy dr dx 2
(o)

Using this method allows us o zener-
alize the solution® 1o a linear mass
density of form g = Ekx™ To fnd the
lension in the rope a distance x from
the bottom, we integrate o [nd the
todal weight of rope below x. Letting
the ntegration varahle be T, we

wrile
X x
J,uy-;lr' = | Kix Pede =
i* Fr
R |
L L lor w = (0. (1)
i |

We now obtain the velocity by Eqg.
il

I| '1',..".
= 11
: W+ | ¢




The velocily has the same depen-
dence on x as m Eg. (3) lor the um-
Form rope, leading 1o a constant ac-

5
—=—  The [re-
2+ l) e

guency values change due to the lac-

celeralion a =

ar (n o+ 1) in the acceleration, bul
since Lhe aceeleralion 14 sill constant,
the nodal positions do not change,
and a seres of odd harmomics s
retained.

T hind this model pedagosically
interesting for a number of reasons.
(1 Tt provades students with a new
opportunity o apply the constani-
acceleration eguations. (2) Tt empha-
sizes thal the condition for a stand-
ing wave 15 based on tme, nol
length. Thus for the first harmonic of
the rope, we state that the wave must
travel the length of the rope in T,/4.
By contrast, lor constant-velocily
waves, we usually state that the [rst
slanding wave occurs when the rope
15 one-gquarter wavelength long, OF
course in Lhe case of the vertical
rope, the wavelength is not a delined
quantity, but the condition on travel

tirne 1% valid [or both comstant-veloe-
ily and constant-acceleration cases,
and 15 therefore the more general
condition. (3} The standing-wave
lrequencies of the rope [orm a series
of odd harmonics, mn spite of the
acceleration of the wave. This illus-
trates the power of the boundary
conditions in determining the stand-
ing-wave frequencies. (4) Tt demon-
strates that not all physical models
are highly accurate.

Both models assume Eg. (2) holds.
But this 15 the stabe condition for the
tension in the rope, and 11 can only be
an approximation o the true lension
under dynamic conditions. In addi-
Lion, the Sal'lerlg.-' approach assumes
that the displacements of the rope are
small, which is clearly violated by the
chain in Fig. 1. In the mode] present-
ed here, Kg. (1) 15 also an approxi-
mate relation. This resull 15 wsually
derived under conditioms 1 which the
tension of the mediom 15 muoch
greater than its weight, which 15 not
the case [or the hanging rope.
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